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Abstract 

In this paper, we obtain asymptotic formulas for eigenvalues and eigenfunctions of 
the operator generated by a system of ordinary differential equations with summable 
coefficients and the quasiperiodic boundary conditions. Using these asymptotic formu- 
las, we find conditions on the coefficients for which the root functions of this operator 
form a Riesz basis. Then we obtain the uniformly convergent spectral expansion of the 
differential operators with the periodic matrix coefficients 



1 Introduction 

Let I/(P2, P3..., P„) be the differential operator generated in the space _L™(— 00, 00) by the 
differential expression 

l{y) = y(")(x) + P2 (x) y^"-^Hx) + P3 (x) y^^'^^x) + ... + Pn{x)y 

and Lt{P2, Pa-.-, Pn) be the differential operator generated in P™(0, 1) by the same differen- 
tial expression and the boundary conditions 

U,,tiy) = y^"^ (1) - e^'y^"^ (0) = 0, = 0, 1, (n - 1), (1) 

where n > 2, Pi^ — {pu.i,j) is a to x m matrix with the complex-valued summable entries 
Pv,i,ji Pv (a^ + 1) = Py {x) for 1/ = 2, 3, ...n, the eigenvalues /ii, /i2, Mm of the matrix 



( P2{x)dx 
Jo 



are simple. Here L^{a,h) is the space of the vector functions / — (/i, /2, /m) , where 
fk G L2{a, b) for fc = 1, 2, to, with the norm ||.|| and inner product (., .) defined by 

ll/f = (^J' \f {x)\' dx^ , if,g)^ J\f{x),gix))dx, 

where |.| and (., .) are the norm and inner product in C™. For notational convenience we 
identify i = i(P2, P3..., P„), P* = it(P2, P3..., P„) in the following. 

It is well-known that ( see [2, 10] ) the spectrum cr(P) of L is the union of the spectra 
(j{Lt) of Lt for t G [0, 27r). To construct the uniformly convergent spectral expansion for L we 
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first obtain the uniform, with respect to t € Qs{n), asymptotic formula for the eigenvalues 
and eigenfunctions of Lj, where 

Qe{2n) = {t € Q : \t - Trk\ > e,Vk e Z}, Qe{2n +l) = Q, (2) 

Q is compact connected subset of C containing a neighborhood of the interval [—a, 27r — a], 
a G (0, §), e € (0,^) and /i = 1,2,.... Then we prove that the root functions of Lt for 
t e C(n) form a Riesz basis in Lf{0, 1), where C(2/x) = C\{7rA; :kGZ}, C(2^ + 1) = C. 
Let us introduce some preliminary results and describe the scheme of the paper. Clearly 



(^) = for j = l,2,...,m. 



where ei = (1, 0, 0, 0), 62 = (0, 1, 0, 0), Cm = (0, 0, 0, 1), are the normalized eigen- 
functions of the operator Lt(0) corresponding to the eigenvalue (27rfcz + tiy\ where /c S Z, 
and the operator Lt{P2, ■■■,Pn) is denoted by Lt{0) when ^2(2;) = 0, P„(a;) = 0. It eas- 
ily follows from the classical investigations [12, chapter 3, theorem 2] that the boimdary 
conditions (1) arc regular and all large eigenvalues of belongs to one of the sequences 

{Afe,i(t) :| k |> N}, {XkMt) :| k |> N}, {Afc,™(i) :| k \> TV}, (3) 

where N ^ 1, satisfying the following, uniform with respect to t G Q, asymptotic formulas 

Xkj{t) = {2TTki + tif + O (A;"-i-5^) (4) 

for i = 1,2,..., m. We say that the formula ,f{k,t) = 0{h{k)) is uniform with respect to 
t & Q \t there exists a positive constant c, independent of t, such that | f{k, t)) |< c | h{k) \ 
for alH e Q and | fc |» 1. 

The method proposed here allows us to obtain the asymptotic formulas of high accuracy 
for the eigenvalues Xk,j{t) and the corresponding normalized eigenfunctions "^k,j,tix) of Lt 
when Pi,,i,j G Li[0, 1] for all ■ Note that to obtain the asymptotic formulas of high 

accuracy by the classical methods it is required that P2, P3, P„ be differentiable (see [12]). 
To obtain the asymptotic formulas for Lt we take the operator Lt{C), where it(P2, ■■■,Pn) 
is denoted by Lt{C) when P2(a;) = C, Ps{x) = 0, P„(a;) = 0, for an unperturbed operator 
and Lt — Lt{C) for a perturbation. One can easily verify that the eigenvalues and normalized 
eigenfunctions of Lt{C) are 

tJik,j {t) = i27rki + tif+ tij {27rki + tif-\ ^k,j,t {x) = ^^6^^^.'=+*)^ (5) 

for fc £ Z, j ~ 1,2, ...,m, where vi,V2, ...,fm are the normalized eigenvectors of the matrix 
C corresponding to the eigenvalues 111,112, ■■■ilJ'm respectively. 

In section 2 we investigate the operator Lt and prove the following 2 theorems. 

Theorem 1 There exist positive constants c\, Nq, independent oft, such that ift& Qs{n) 

and \ k \ > Nq then the following assertions hold: 

(a) The eigenvalue Xk,j{t) of Lt, satisfying (4), He in 

U (C/(/XMW,Ci|A:|"-3ln|fc|)), 

5=1,2,. ..,m 

where U{^,c) = {A G C; | A — ^ |< c}. 

(6) IfXk,j{t) G U{fj,k,p{j){t), ci|A;|"~'^ In |A:|), then there exists unique eigenfunction ^k,i,t{x) 
corresponding to Xk,j(t) and this eigenfunction satisfies 

SUD I Ax) - ^^^^^ e^(2^fc+*)^ |< C2ln|A:| , . 

where C2 is a constant independent of t and j. 



3 



Note that here and in forthcoming relations we denote by Cj for i = 1,2, the posi- 
tive constants, independent of t, whose exact values are inessential. Using Theorem 1 and 
investigating associated functions of we prove: 

Theorem 2 (a) The large eigenvalues of Lt consist of m sequences (3) satisfying the fol- 
lowing, uniform with respect to t & Qs{n), formula 

Xk,j{t) = {2nki + tif + fij {^ttU + tif~'^ + 0{k''-^ In (7) 

namely, Xk,j{t) G U{iJ.k,j{t),ci\k\'^~^ln\k\) for \ k \> Nq, where c\ and Nq are defined in 
Theorem 1. If \ k \> Nq, then Xk,j{t) for t £ Qe{n) is a simple eigenvalue of Lt and the 
corresponding normalized eigenfunction ^k,j,t{x) satisfies 

*^..*(-) = P%«^^'^'=^*^^ + 0(^). (8) 

This formula is uniform with respect to t £ Q^{n), x G [0, 1], that is, there exist a constant 
C3 such that the term 0{k^^ In |fc|) in (8) satisfies 

I 0{k-^ In |fc|) |< C3 I fc-i In |A;| |, e Q,{n), x e [0, 1]. 

(6) If t £ C(n) then the root functions of Lt form a Riesz basis in L™(0, 1). 

(c) The eigenfunction Xk J ^t{x) of L^, where (X^j^t, \E';jj^t) = 1, satisfies the following, 
uniform with respect to t € Qe{n), x G [0, 1], formula 

Xk,M = V* ||e'*-|| e'(2'=-+*^- + O(^), (9) 

where v* is the eigenvector of C* corresponding to JIJ and {Vj,Vj) = 1. 

(d) /// is absolutely continuous function satisfying (1) and f G i™[0, 1] then the expan- 
sion series of f{x) by the root functions of Lt converges uniformly in [0, 1], where t € C(n). 

Note that A. A. Shkalikov [13, 14] proved that the root functions of the operators gen- 
erated by a ordinary differential expression, in the scalar case, with summable coefficients 
and more complicated boundary conditions form a Riesz basis with brackets. L. M. Luzhina 
[8] generalized these results for the matrix case. In [22] we prove that if n = 2 and the 
eigenvalues of the matrix C are simple then the root functions of Lt for t € (0, tt) U (tt, 27r) 
form a ordinary Riesz basis without brackets. The case n > 2 is more complicated and the 
most part of the method of the paper [22] does not work here, since in the case n > 2 the 
adjoint operator of the operator generated by l{y) with arbitrary summable coefficients can 
not be defined by the Lagrange's formula. 

In section 3 using Theorem 2 we obtain spectral expansion for the operator L. The 
spectral expansion for the Hill operator with real- valued potential q{x) was constructed by 
Gelfand in [4] and Titchmarsh in [15]. Tkachenko proved in [16] that the Hill operator, 
namely the operator L in the case m = 1, n = 2 can be reduced to triangular form if 
all eigenvalues of the corresponding operators Lt for t & [0, 2tt) are simple. McGarvey 
in [10,11] proved that L, in the case m = 1, is spectral operator if the projections of the 
operator L are uniformly bounded. Gesztesy and Tkachenko in the recent paper [5] proved 
that the Hill operator is a spectral operator of scalar type if and only if for all t € [0, 27r) 
the operators Lt have not associated function, the multiple point of either the periodic 
or anti-periodic spectrum is a point of its Diriehlet spectrum and some other condition 
hold. However, in general, the eigenvalues are not simple, projections are not uniformly 
bounded, and Lt has associated function, since the Hill operator with simple potential 
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q{x) = e*^'^^ has infinitely many spectral singularities ( see [3], where Gasymov investigated 
the Hill operator with special potential, analytically continuable onto the upper half plane). 
Note that the spectral singularity of L is the point of S{T) in neighborhood on which 
the projections of the operator L are not uniformly bounded and we proved in [18] that 
a number A G S{Lt) C S{L) is a spectral singularity if and only if Lt has an associated 
function corresponding to the eigenvalue A. The existence of the spectral singularities and 
the absence of the Parseval's equality for the nonself-adjoint operator Lt do not allow us 
to apply the elegant method of Gelfand ( see [4]) for construction of the spectral expansion 
for the nonsclf-adjoin operator L. These situation essentially complicate the construction 
of the spectral expansion for the nonself-adjoint case. In [17] and [20] we constructed the 
spectral expansion for the Hill operator with continuous complex-valued potential q{x) and 
with locally summable complex-valued potential q{x) respectively. Then in [19] and [21] we 
constructed the spectral expansion for the nonself-adjoint operator L, in the case m = 1, 
with coefBcients pk S C^*^"^) [0, 1] and with pi~ G Li[0, 1] for k = 2,3, n respectively. In 
the paper [9] we constructed the spectral expansion of L when pk,^,J G C('=-i)[0, 1]. In this 
paper we do it when Pk,i,j{x) are arbitrary Lebesgue integrable on (0, 1) functions. Besides, 
in [9] the expansion is obtained for compactly supported continuous vector functions, while 
in this paper for each function / G oo, oo) satisfying 

oo 

^ \f{x + k)\<oo (10) 

fc=— oo 

when n = 2/i — 1 and for each function from S, where f{x) £ S C L™(— oo, oo) if and only 
if there exist positive constants M and a such that 

I f{x) \< Me-"l^l, Va; G (-oo, oo), (11) 

when n = 2/i. Moreover, using Theorem 2, we prove that the spectral expansion of L con- 
verges uniformly in every bounded subset of (— oo, oo) if / is absolutely continuous compactly 
supported function and / G L™(— oo, oo). Note that the spectral expansion obtained in [9], 
when Pk,i,j G C^''~^^[0, 1], converges in the norm of L^{a,b), where a and b are arbitrary 
real number. Some parts of the proofs of the spectral expansions for L is just writing in 
vector form of the corresponding proofs obtained in [19] for the case m = 1. These parts are 
given in appendices, in order to give a possibility to reed this paper independently. 

2 On the eigenvalues and root functions of Lt 

The formula (4) shows that the eigenvalue Xk.j (t) of Lt is close to the eigenvalue {2kni + ti)" 
of Li{0). If t e Qe{n), I fc |> 1 then the eigenvalue {2Trki + ti)"' of Lt{0) lies far from the 
other eigenvalues {2pTri + /:?')" . It follows from (4) that 



n-l 



\Xk,j{t) - {27rpi + Ur I > C4((|lfc| -\p\\ + l){\k\ + \p\) 
for p 7^ k, t G Qsin), where | fc |;:^ 1. Using this one can easily veriiy that 

V- — , , '^L — ■■ ^ =0(^^), Vci>2 I fc I, (12) 

±^J>^k,j{t)-{27rpi + tir\ ^d-i^' ' ^ ^ 



p:p>d 



"^'^ -om. (13) 



p,p^JAfe,,(t)-(27rpi + ti)"| ^fc 
where | fc [>■ 1, z/ > 2, and (12), (13) are uniform with respect to t G (^^(n). 
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The boundary conditions adjoint to (2) is U^j{y) = for ;/ = 0, 1, (n — 1). Therefore 
the eigenfunction ^pl^g t{x) and g^i{x) of the operators ^^(0) and Ll{C) corresponding 

to the eigenvalues {2Trpi + ti)^ and ^ik,j{t) respectively and satisfying {Vk,j,t,'fk s t) — 
(^fe,i,t>^L,t) = 1 are 



^,^^ix) = cs ||e**"|| e<2'^'=+*)^, ^l^,^t{x) = < ||e**"|| e^^-fc+t)^^ 



(14) 



where v* is defined in Theorem 2(c). 

To prove the asymptotic formulas for the eigenvalues Xk,j [t) and the corresponding nor- 
malized eigenfunctions 'ik,j,t{x) of Lt we use the formula 



which can be obtained from 

it*fcj,t(x) - Afe,,(t)*fej- t(x) (16) 

by multiplying scalarly by ^ j(x). To estimate the right-hand side of (15) we use (12), 
(13), the following lemma, and the formula 



(Afe,,(i) - (27rpi + tif) (*fe,,-,t, = Y.{p.^i;::\vi,s 

which can be obtained from (16) by multiplying scalarly by ¥'p,s,t(^)- 
Lemma 1 // |fc| 1 and t e Qe{n), then 



(17) 



m, oo 



(18) 



where pj^^s,q,k = Vv^s^qip^)^ '^'^'^^^dx. Moreover 

n 

VfP 09* 



max 

2,s=l,2,...,m 

i/=2 

■,(n-2) , D ,T,("-3) 



< cslfcl 



n-2 



(19) 



Proof. Since -P2*l,^-,r + P^^kJ + " " " + ^n*fc,i,t ^ if [0, 1] we have 



lim 



0. 



Therefore there exist a positive constant M{k,j) and indices po, sq satisfying 



max 
pez, 

s=i,2,...,m 



y=2 



M(fc,j). (20) 



Then using (17) and (12), we get 

I {^k,j,t, ^*p,s,t) I 



< 



Mik,j) 



\Xk,j{t)-{2'Kpi + ity\' 



(21) 



\^ I ,n* \ \ ^ ceM{k,j) 

\{'^k,j,t,^p,s,t) \ < .n-l ' 



p: IpI >d 



where d > 2\k\. This imphes that the decomposition of '^k,i,t{x) by basis 
{Vp,s,t{x) : p e Z, s = 1, 2, rn} is of the form 

p:\p\<d 



where 



sup l^o.dCa;)! < 

xe[o,i] 



C7M{k,j) 



Now using the integration by parts, (1), and the inequahty (21), we obtain 



< 



\2mp + it\^-''M{k,j) 
\\k{t)-{2^pi + itYy 



Therefore arguing as in the proof of (22) and using (12) we get 

p:\p\<d 



where i/ = 2, 3, . . . , n, and 



sup \guAx)\ < 

xG[0,l] 



crMjkJ) 



Now using (23) in (P^\l/[,"- j''^ (p*^^ j) and tending q to oo, we obtain (18). 
Let us we prove (19). It follows from (20) and (18) that 



M{k,j) 



i/=2 

n rn oo 



i/=2 q=l ;=— oo 



By (21) and (13) we have 



<CsM{k,j) 



ln\k\ 



On the other hand 



E ^iP'^,so,q,po-k{'2'^irn + it)'' ""(^fej, f , ^l^q^t)) 
u=2 g=l 



0(A;"-2). 



Therefore using (24) we get 



M{k,j) = M{k,j)0{C-^) + 0{\kr% 



M{k,j) = 0(|fc|"-2) which means that (19) holds 
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It follows from (19)-(21) that 

Now using this we prove the following lemma. 
Lemma 2 The following equalities 

{iP2 - = 0{k--'ln\k\), (26) 

(27) 

hold uniformly with respect to t € Qe{n), where v >3. 

Proof. Using (18) fov v = 2, p = k and the obvious relation 

(c^ii,t\v>Ut) = ^(P2,.,5,0(27rfci + ii)"-2(M/,,,-*,^^,,,,)) 

9=1 

we see that 

m 

{{P2-C)^i:~t\^l,s,t) = ^(^P2,.,«,fc-((27rH + zt)"-2(vl/fc,,-„^*,_J). 

This with (25) and (13) for i/ = 2 implies that 

{{P2-Cl^i:-t\^h,t)=0{k--Hn\k\). 
Similarly, using (18), (25), (13) we obtain 

{iP^'^kj\^Ut)=o{k--% yu>3. 

Since (13) is uniform with respect to f S Qe{n) and the constant C5 in (25) does not depend 
on t ( recall that we denote by Cfc the constant independent of t) these formulas are uniform 
with respect to t G Qe{n). Therefore recalling the definitions of ^^^g^t and V%^q^t ( see (14)) 
we get the proof of (26) and (27) ■ 

Lemma 3 There exist positive number Ni , independent of t, such that 

max \{^k,3,u^ls,t)\>C9 (28) 

s=l,2,...,m ' > 1 ' I 

for all I k \> Ni, t G Qsin), and j = 1,2, ...,m. 
Proof. It follows from (25) and (13) that 

E (E l(*^.-.*><.*)l=0(^) (29) 



s—l,2,...,ni p: p^k 



and this formula is uniform with respect to t G Qe{n). Then the decomposition of "^k,j,t{x) 
by the basis {<fip,s,t{x) : s = 1, 2, m, p € Z} has the form 

^kjA^)= E i'^kj,t,'Ph,t)nM + o{^-^). (30) 

s=l,2,...,m 
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Since || ^k,j,t || = || 'fik,j,t ||= 1 and (30) is uniform with respect to t G Qs{n), there exists a 
positive constant Ni , independent of t, such that 

for all I |> A''i, f e Qe{n) and j = 1, 2, m. Therefore using (14) and taking into account 
that the vectors vl,V2, ■■■,v'^ form a basis in C™, that is, is a linear combination of these 
vectors we get the proof of (28) ■ 

THE PROOF OF THEOREM 1(a). It fohows from Lemma 2 that there exists a 

positive constant A^2, independent of t, such that if | fc |> A^2, ^ € Qe(n) then the right-hand 
side of (15) is less than cio|/c|"~'^ In |fc|. Therefore (15) and Lemma 3 give the proof of the 
Theorem 1(a). 

THE PROOF OF THEOREM 1(6). Let Afe^ be an eigenvalue of if lying in 
C/(/Ufc_p(j)(t), ci|A;|"~^ In |/e|) and ^'/c,j,t be any normalized eigenfunction corresponding to 
Xkj ■ Then using (5) and taking into account that the eigenvalues of C are simple we get 

Afej - fik.s |> ap(j) I k 1""^ for s ^ p{j), 

where ap(j) = mins^p(j) | /Xp(j) - Hs \ ■ This with (15), (26), (27) gives 

{'^k,j,t, n,s,t) = Vs ^ p{j). (31) 

On the other hand by (14) and (29) we have 

E (E i(*^.i,*'^;.,*)i=o(^)- (32) 



s=l,2,...,m p: p^k 



Since (26), (27), (29) are uniform with respect to t G Qe{n) the formulas (31) and (32) are 
also uniform. Therefore decomposing "if^j^tix) by basis {^p^s,t{x) ■ s = l,2,...,m, p £ Z} 
we see that any normalized eigenfunction corresponding to Xk,j satisfies (6). If there are two 
linearly independent cigcnfunctions corresponding to Xkj, then one can find two orthogonal 
eigenfunctions satisfying (6), which is impossible. Theorem 1 is proved. 

To proof of the main results for Lt (Theorem 2) we need to investigate the normalized 
associated function ^'feju,<(.T) of Lt corresponding to the eigenvalue Xk,j{t). By definition 
of the associated function we have 

{Lt - Afcj)*fcj,i,t(x) = *fej,o,t(a;), (33) 

where "i^k.jfi.tix) is an cigcnfimction of Lj. Note that, in general, the eigenfunction '^k.j,a.t{x) 
is not normalized. For investigation of the associated function we use the following formulas. 
Multiplying scalarly (33) by <Pp^s,t S^^ 



{Xkj - {2npi + tir)i^kj,s,u ^;,s,t) = E(^''*S' <s,t) - (*fe,i,o,t, v;,s,t)- (34) 

1^=2 

Similarly, multiplying scalarly (33) by ^ j, we obtain 



(*fe,,- o,t, n,s,t) = {Lt{c)<bk,j,r,t, n,s,t) + m - n,s,t)+ 

n 

E(^'^*&M'*M,*)-^'^j(*'^.i,i,t.^M,t)- 
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Since {Lt{C)^k,j,i,t,'^*k,s,t) = l^kA'^k,j,i,t,^ls,t) we have 



m - cKSv n,s,t) + T.^p^'^kj^lv n,s,t) - (*fcj,o,*. n,s,t)- (35) 

i/=3 



Lemma 4 For any normalized associated eigenfunction 'i>k,j,i,t of Lt the following, uniform 
with respect to t G Qe{n), formulas hold 

((P2 - C)<itjSv n,s,t) = Oik-' In |fc|), (36) 

^M,t) = 0{k-% > 3. (37) 
Proof. Instead of (17) using (34) and repeating the proof of (19) we obtain 

n 



max 

pG^,s=l,2,...,m 



< cn(|fcr-^+ II ^k,j,o,t II). (38) 



v=2 

Using (38) and repeating the proof of (25)- (27) we get 

I^*'='^"'"''^->^'*^I - \Xk{t)-{2npi + itr\ ' (^9) 
{{P2-C)^i:-'l,n,s,t)=0{\kr'\n\k\+ II ^k,j,o,t II ^)), (40) 

n,s,t) = o{\kr' + \k\-' II ^kj,o,t II) (41) 

for v >3. Using (40), (41) in (35) for s = p{j) and taking into account that 

In I A: I 

(Afcj -Mfc,j3a))(*ftj,i,t,*fc,p(j),t) = Q( |^|3_„ ). 

II *fej,o,t 11 '''P^^-''*^ ^ k ' 

(see the definition of p{j) in Theorem 1) we obtain 

H1 1>.,«,. II (1 + o(!hM)) + o(i^+ II II !5ifl) 

which yields the equahty 

II *w(2;) |l=0(lfcr-Mn|fc|). (42) 
Now (40), (41) and (42) imply (36) and (37) ■ 

Lemma 5 Any normalized associated function '^k,j,i,t{x) of Lt corresponding to the eigen- 
value Xk,j{t) S C/(/Ufe_p(j)(t), ci|A;|"~^ In |A;|), where\ k \> Nq and ci, p{j), No are defined in 
Theorem 1, satisfies 

^k,M = ^e^^'-'^^^^+0{^^). (43) 
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Proof, (a) It follows from (39), (42) that 

ci3|A:r-2 



\{'^k,j,it,^;,s,t) \ < 



\\kit) - {2Trpi + it)"\ 
Using this instead of (25) and repeating the proof of (32) and (31) we obtain 

E (E I(*'»..m,*;,m)I=o(^). 

s=l,2,...,m pip^k 

(^fc,,,i,„$^,)=0(i^),Vs^p(j) 

which imply the proof of (43) ■ 

THE PROOF OF THEOREM 2(a). Let \k,j{t) be eigenvalue of lying in 

[/(/ife pQ) (i), ci In |fc|), where | k |> A'^n- By Theorem 1 there exist only one cigcn- 

function '^k,j,t{x) corresponding to Xkj{t). Suppose that there exist associated function 
^k,j,i,t{x) corresponding to the eigenvalue Xk,j{t). Using Lemma 5 and taking into account 
that for any a £ C the function "^kj.it + a'ikj.i is associated function one can find two 
orthogonal root functions satisfying (43) which is impossible. Thus we proved that the op- 
erator Lt has not associated function corresponding to the eigenvalue Xk,j{t) for | k \> Nq. 
Using this, (3), (4), and Theorem 1, we obtain the following: 

Proposition 1 There exist a number Nq such that the eigenvalues Xk,i{t), Xk^2it), 
Xk,mit) of Lt for t e Qein), \ k |> A^o o-re simple and they lie in the union of the pair- 
wise disjoint intervals 



UMt). 1^), UMt), ll^i), .... UM). '-^)- (44) 



Now let us prove that in each of these intervals there exists unique eigenvalue of Lt. For 
this we consider the following family of operators 

Lt,e = Lt{C) + e{Lt - Lt{C)), < £ < 1. (45) 

It is clear that the proposition 1 holds for Lj^e, that is, the eigenvalues Xk,i,e{t), Xk,2,e{t), 
Xk^m.eit), where \k\ > Nq, of ^ arc simple and they lie in the miion of the pairwise 
disjoint m intervals (44). Since Xk,j,e is a simple eigenvalue it is a simple root of the 
characteristic determinant A(A,e) of Lt^^- Clearly, A(A,e) is analytic function of A and s 
and A{Xkj,e,e) = 0, ^A(A,c) / for A = A^j-^. Therefore using the implicit function 
theorem and taking into account that Xk,i,e{t), Xk,2,e{t), Xk,m,e{t) are simple eigenvalues 
one can easily see that these eigenvalues continuously depend on e. Therefore taking into 
account that in each of the pairwise disjoint intervals (44) there exists unique eigenvalue 
of Lt,o, we conclude that in U{iik.j, j^^) for \k\ > No, j ^ 1,2, ...,m there exists unique 
eigenvalue of Lt,£ for all values of £ G [0, 1]. Let us denote this eigenvalue of Lt^e by Xk,j,e{t)- 
Thus we proved the following: 

Proposition 2 Lett G Qe{n), e S [0,1]. All large eigenvalues of Lt^e belong to one of the 
intervals (44) for \k\ > Nq- For each eigenvalues Hk,j{t) of Lt (C) , where \k\ > Nq, there 
exists unique eigenvalue Xk,j,e{t) of Lt,e lying in U{nk,i{t),ci\k\^~^\n\k\). 

By Proposition 1 the eigenvalue Xkj{t) of Lt for > Nq is simple and by Theorem 
1 the corresponding eigenfunction satisfy (6), where p{j) = j (see the definition of p(j) in 
Theorem 1), that is, (8), (7) and Theorem 2(a) is proved. 
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THE PROOF OF THEOREM 2(6). It follows from (8) that the root functions of 
Lt quadratically close to the system 

{vj II II "^6^(2^'=+*)^ : keZ,l = l,2,...,m} 

which form a Riesz in L™(0, 1). On the other hand the system of the root functions of Lf 
is complete and minimal in //"(0, 1) ( see [8]). Therefore, by Bari theorem ( see [1,6]), the 
system of the root functions of Lt forms a Ricsz basis in L™(0, 1). 

THE PROOF OF THEOREM 2(c). To prove the asym ptotic f ormulas for normalized 
eigenfunction 'i'l ■ ^{x) of corresponding to the eigenvalue Xk,j{t) we use the formula 

n 

v=1 



obtained from L\'^*^ - ^ = Xk,j{t)'^l j t multiplying by '^p.s.t and using 
Instead of (17) using these formula and arguing as in the proof of (25) we obtain 

This with (5) and (13) implies the following relations 

I ^-'*) I ^ |A,,(t) (2.p. + .0"r ^ ^''^ 



E (E I(*U*'*.,m)|=0(^). (47) 

s— l,2,...,m p: p^k 



On the other hand (8) and equahty (^^^j .^., ^k,s,t^ — ioi j ^ s give 

(*^,,„$M,t)=0(^), V.^i. (48) 

Since (8), (13) hold uniformly the formulas (46)-(48) are uniform with respect to t € Qe{n) 
and they yield 

%,j,t{^) = V* ||e'*^|| 6^2'='^'+'*)^ + O(^^^-L^), (49) 
where Vj is defined in Theorem 2(c). Now (8) and (49) imply (9), since 

THE PROOF OF THEOREM 2(d). To investigate the convergence of the expansion 
series of we consider the series 



X'^^i^t = T. . ^ = (1 + 0{^mj,f (50) 



^ {f,Xkj,t)^kjAx), (51) 

fe:|fe|>Af, j = l,2,...,m 

where N > No and Nq is defined in Theorem 1, /(x) is absolutely continuous function 
satisfying (1) and / {x) £ i™(0, 1). Without loss of generality instead of the series (51) we 
consider the series 

^ ift,Xk,j,t)^kjAx), (52) 

k:\k\>N, j=l,2,...,m 
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where ft{x) is defined by Gelfand transform ( see [4]) 

oo 

Mx)= J2 fi^ + k)e-"'\ (53) 

fc=— oo 

/ is absolutely continuous compactly supported function and / G oo,oo), since we 

use (52) in next section for spectral expansion of L. It follows from (53) that 

ftix + l) = e''Mx), /; eL^[0,l]. (54) 

To prove the uniform convergence of (52) we consider the series 

E \{fuXk,j,t)\. (55) 

l's|>-'V, j=l,2,...,m 

To estimate the terms of this series we decompose Xkj.t by basis 
{^p,s,t : P € Z, s = 1, 2, m} and then use the inequality 

\{ft,Xkj,t)\< E \ift,n,s,t)\m,j,t,^k,s,t)\+ (56) 

s— 1,2,. . . ,m 

p^k^ s=l,2,...,m 

Using the integration by parts and then Schwarz inequahty we get 

E l(/t'*M,t)l= E I 2^^fc7Zi^(-^*''^M,t)l<oo- (57) 

|fc|>JV, |fc|>A', 
s— l,2,...,m s— l,2,...,m 

Again using the integration by parts, Schwarz inequality and (46), (50) we obtain that the 
expression in the in the second row of (56) is less than 



ci6 II ft II I E 

ip^fc, s=l,2,...,m 



\k 



n-2 



p\Xk,s{t)-{2Trpi + ity 



It is not hard to sec that this expression is less than ciyfc"^, that is, the expression in the 
second row of (56) is less than cnk~'^. Therefore the relations (56), (57) imply that the 
expressions in (55) and (52) tend to zero uniformly with respect to i £ Qe{n) and t e Qe{n), 
X G [0, 1] respectively as iV ^ oo. Since in the proof of the uniform convergence of (52) 
we used only the properties (54) of /( the series (51) converges uniformly with respect to 
X e [0, 1], that is. Theorem 2{d) is proved. 

Note that in the proof of Theorem 2{d) we proved the following theorem, which will be 
used in next section. 

Theorem 3 /// is absolutely continuous, compactly supported function and f G -L™(— cxd,oo) 
then the series (52), where ft is defined by (53), N > Nq, Nq is defined in Theorem l{a), 
converges uniformly with respect to t G Qs{n), x € D for any bounded subset D of (— oo, oo). 

Indeed we proved that (52) converges uniformly with respect to t G Qe{n), x G [0,1]. 
Therefore taking into account that (1) implies the equality 

^k,j,t{x + 1) = e'**fej,t(a;), (58) 

we get the proof of Theorem 3. 
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3 Spectral Expansion for L 

Let Y\{x, A), 12(2;, A), ... , Yn{x, A) be the solutions of the matrix equation 

+ P2 [x) F("-2)(a;) + P3 {x) Y^^-^\x) + ... + Pn{x)Y = XY{x), (59) 

satisfying Yjf^ (0, A) = Om for j 7^ fc — 1 and Yj^'^^^'' (0, A) = Im, where 0^ and are mxm 
zero and identity matrices respectivefy. The eigenvalues of the operator Lt are the roots of 
the characteristic determinant 

A(A,i) = det(y/'^-^)(l, A) - e%^''-'\0, X))^,^, = (60) 

gmmt ^ f^^^y{nm-l)t ^ f^^^y{nm-2)t ^ ^ /„„_i(A)e'* + 1 

which is a polynomial of e'* with entire coefficients /i(A), /2(A), .... Therefore the multi- 
ple eigenvalues of the operators Lt are the zeros of the resultant i?(A) = R{A, A ) of the 
polynomials A{X,t) and A {X,t) = ^A(A,t). Since -R(A) is entire function and the large 
eigenvalues of for t 7^ 0, tt are simple ( see Theorem 2 (a)), 

keri? = {A : i?(A) = 0} = {oi, a2, }, lim a/c = cx). (61) 

For each afc there are nm values tk,i,tk,2, tk,nm of t satisfying A{ak, t) = 0. Hence the set 

A = U^i{i : A{ak,t) = 0} = {tk,i : i = 1, 2, nm; k = 1,2, } (62) 

is countable and for t ^ A all eigenvalues of Lt are simple eigenvalues. By Theorem 2(o) 
the possible accumulation point of the set A are nk, where k €Z. 

Lemma 6 The eigenvalues of Lt can be numbered as Ai(t), A2(t),..., such that for each p 
the function Xp{t) is continuous in Q and is analytic in Q\A(p), where A{p) is a subset of 
A consisting of finite numbers t\,t2, ...jPg^. Moreover the followings hold: 

lim Xp{t) = 00, Xptk,j){t) = Xk,j{t), Vt e Qe{n), (63) 

p — >^oo 

where \k\ > Nq, p{k,j) = 2\k\m + j if k > 0, p{k,j) = (2|fc| - l)m + j if k < 0, the sets 
Qs{n), Q and number Nq are defined in (2) and in Theorem l{a). 

Proof. Let t £ Q. li easily follows from the classical investigations [12, chapter 3, 
theorem 2] ( see (3), (4)) that there exist a large numbers r and c, independent of t, such 
that the all eigenvalues of the operators Lt^z for z G [0, 1], where Lt^z is defined by (45), lie 
in the set 

C/(0,r)U( U U{{2TTki + tiT ,ck''-^-^)), 

k:\k\>No 

where C/(^, c) = {A S C :| A — |< c}. Clearly there exist a closed curve T such that: 
(a) The curve F lies in the resolvent set of the operators Lt,z for all z € [0, 1]. 
(6) All eigenvalues of Lt^z for all z G [0, 1] that do not lie in U ((27rfci + ti)" , ck"~^~^) 
for |fc| > No belong to the set enclosed by F. 

Therefore taking into account that the family Lt,z is holomorphic with respect to z, 
we obtain that the number of eigenvalues of operators Ltfi = Lt{C) and -Lt,i = Lt lying 
inside of F are the same. It means that apart from the eigenvalues Xk,j{t), where |fc| > A^o, 
j = 1,2, ...,m, there exists {2Nq — l)m eigenvalues of the operator Lt- We define Ap(f) for 
p > {2No — l)m and t S Qe(n) by (63). Let us first prove that these eigenvalues, that is, 
the eigenvalues Xkj{t) for |fc| > A^o are analytic functions on Qe{n). By Theorem 2(a) if 
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to G Qe{n) and |fc| > A^o then Xkjita) is a simple root of (60), that is, A(A,to) = 0, and 
A (A, to) 7^ for A — Xk,j(to). By impheit funetion theorem there exists a neighborhood 
U{to) of to and an analytic function X{t) on U{to) such that A{X{t),t) = for t £ U{to) and 
A(to) = Afc,j(to). By Theorem 2 Afc,j (to) £ U{pk^j{to),ci\k\''-^ln\k\)). Since /Zfcj(t) and A(t) 
are continuous functions the neighborhood C/(to) of to can be chosen so that 

X{t) e U{pk^j{t),ci\k\"'-^\n\k\) for all t e [/(to)- On the other hand, by Proposition 2, 
there exist unique eigenvalue of Lt lying in [/(/i^.j (t), ci |fc|"~^ In |fc|) and this eigenvalue is 
denoted by Xkj{t). Therefore A(t) = Xk,j{t) for all t G U{to), that is, Xk,j{t) is an analytic 
function in U{to) for any to S Qe{n)- 

Now let us continue analytically the function Xp(^k,j){t) into the sets J7(0, e), U{n,e) by 
using (60) and the implicit function theorem. Consider (60) for 

t e U{0,e), A e C/o = U{{2TTkiy\2n{2TTk)"-^e). 

Since C/q is a bounded region (ker i?)nC/o is a finite set ( see (61)). Therefore the subset A{Uo) 
of A corresponding to (keri?) n Uq, that is, the values of t corresponding to the multiple 
zeros of (60) lying in Uo is finite. It follows from (3) and (4) that for any t G U{0,e)\A{Uo) 
in the region Uq the equation A(A,t) = has 2m different solutions rfi(t), d2{t), ...,d2m(t) 
and 

A'(A,t) ^ for A = di{t),d2{t),...,d2m{t). 

Using the implicit function theorem and taking into account (4) we see that there exists a 
neighborhood U{t, S) of t such that: 

{i) There exist analj^ic functions di^t{z),d2,t{z), ...,d2m,t{z) in U{t,S) coinciding with 
di{t), d2{t),..., d2m{t) foT z = t respectively and satisfying 

A{ds,t{z),z)=0, ds,t{z)j^dj,t{z),yz€U{t,5), s = 1,2,. ..,2m, j s. 

(ii) U{t, 6) n A{Uo) = and ds,t{z) e Uq for z G U{t, 6), s = 1, 2, 2m. 

Now take any point to from 17(0, £)\A{Ua)- Let 7 be line segment in U{0, e)\A([/o) joining 
to and a point of the circle S{Q, e) = {t : |t| = s}. For any t from 7 there exist U (t, S) satisfying 
{i) and (ii). Since 7 is a compact set the cover {U{t, 5) : t G 7} of 7 contains a finite cover 
U{to,5),U{ti,S), ...,U{tv,5), where G 5(0, e). Now we are ready to continue analytically 
the function Xp(^k,j){t) i^ito the set C/(0,e). For any z G U{ty,S) fl Qe(n) the eigenvalue 
Ap(fc j)(^) coincides with one of the eigenvalues d\^tv{^)^ d2,t„{z), d2m,t„{z), since there 
exists 2m, eigenvalue of Lz lying in f/o- Denote by Bg the subset of the set C/(t„, 5) fl Qe{n) 
for which the function Xp(^i.,j){z) coincides with dg^tvi^)- Since dg^tiz) 7^ di^t{z) for s ^ i 
the sets Bi, B2, •••) are pairwise disjoint and the union of these sets is U{ty, 5) n Qe{n). 
Therefore there exists index s for which the set Bs contains accumulation point and hence 
^p{k,3){^) = '^s,f„(-2) for all z G U{ty,6) Qe{n). Thus ds^t„{z) is analytic continuation of 
Xp(k,j){z) to C/(tv,5). In the same way we get the analytic continuation of Xp(^k,j){z) to 
U{tv-i,S),U{ty-2,S), ...,U{ta,S). Since to is arbitrary point of 17(0, e)\^(t/o) we obtain the 
analytic continuation of Xp(^k,j){z) to U{0, e)\A{Uo)- The analytic continuation of Xp(^k,j){z) 
to U{'iT,e)\A{UTr) can be obtained in the same way, where A(C/,r) can be defined as ^(J7o)- 
Thus the function Ap(j, ^^(t) is analytic in Q\A{p), where A{p) consist of finite numbers 
tf ,t2, ...,tf^. Since A(A,t) is continuos with respect (A,t), the function Xp(^k,j){t) can be 
extended continuously to the set Q. 

Now let us define the eigenvalues Ap(t) for p < {2Ni — l)m, t <= Q which arc apart from 
the eigenvalues defined by (63). These eigenvalues lies in a bounded set B and by (61) 
the set B fl ker R and the subset A{B) of A corresponding to B are finite. Take a point 
a from the set Q\A. Denote the eigenvalues of La in increasing ( of absolute value) order 
I Ai(a) |<| A2(a) |< ... <| X(^2Ni-i)m{a) I • If I Ap(a) | = | Ap+i(a) | then by Xp{a) we denote 
the eigenvalue that has a smaller argument, where argument is taken in [0, 27r). Since a ^ A 
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the eigenvalues Ai(a), A2(a), A(2jvi-i)m(<3i) are simple zeros of A(A, a) — 0. Therefore using 
the implicit function theorem we obtain the analytic functions Ai(i), A2(i), ^{2Ni-i)m{t) 
on a neighborhood U{a, S) of a which arc eigenvalues of Lf for t E U (a. 5). These functions 
can be analytically continued to Qs{n)\A, being the eigenvalues of L^, where, as we noted 
above, Ar]Q^{n) consist of a finite number of points. Taking into account that A{B) is finite, 
arguing as we have done in the proof of analytic continuation and continuous extension of 
Xp{t) for p > {2Ni — l)m, we obtain the analytic continuations of these functions to the set 
Q except finite points and continuous extension to Q m 

By Gelfand's Lemma ( see [4]) every compactly supported vector function f{x) can be 
represented in the form 

f{x) = ^ jj ft{x)dt, (64) 

where ft{x) is defined by (53). This representation can be extended to all function of 

L™(— 00, oo), and 

1 />oo 

{ft{x),Xk,t{x))dx = / {f{x),Xk,t{x))dx, 

J — CO 

where {Xkj. : k = 1,2,...} is the biorthogonal system of {^'fc,t : k = 1,2,...}, ^fc,t(x) is a 
normalized eigenfunction corresponding to Xk{t), the eigenvalue Xk{t) is defined in Lemma 
6, ^'/c,f (x) and Xk,t{x) are extended to (— oo, oo) by (58) and by Xk,t{x + 1) = e'^*'Xk,t{x). 

Let a e (0, f )\^, £ € (0, |) and let l{e) be a smooth curve joining the points —a and 
27r — a and satisfying 

l{e) C {Qe{n) n n(a, £))\^, l{-e) n A = 0, D{e) U D{-e) C Q (65) 

where Il{a,e) = {x + iy : x € [— a, 27r — a],y G [0, 2e)}, l{—e) = {t : i € l{£)}, the sets 
Q, Qe{n) and A are defined in (2) and (62), -D(e) and D{—e) are the domains enclosed by 
l{e) U [—a, 2n — a] and l{ —e) U [— a, 27r — a] respectively, D{—e) is closure of D{—e). It is clear 
that, the domain D{s) U D{—e) is enclosed by the closed curve l{e) U l~{—e), where l~{—e) 
is the opposite arc of l{—e). Suppose / £ that is, (11) holds. If 2e < a then ft{x) is an 
analytic function of Hn a neighborhood of D{e). Hence the Cauchy's theorem and (64) give 

fix) = ^ I ftix)dt. (66) 

Since l{e) € C(n) ( see (65) and the definition of C(n) in the introduction), it follows from 
Theorem 2(6) and Lemma 6 that for each t G /(e) we have a decomposition 

oo 

ft{x) = J2akmkAx), (67) 

k=l 

where ak{t) = {ft,Xk,t)- Using (67) in (66) we get 

f{x) = ^l Mx)dt=^f f]akmk,t{x)dt. (68) 
27r Ji^,^ 27r Ji^,^ ^ 

Remark 1 If X € ct{L) then there exists points t\,t2,---,tk of [0, 27r) such that X is an 

eigenvalue X{tj) of Lt^ of multiplicity Sj for j = 1, 2, k. Let S{X, b) = {z :\ z ^ X \= b} 
be a circle containing only the eigenvalue X(tj) of Lt^ for j = 1, 2, k. Using Lemma 6 we 
see that there exists a neighborhood U{tj,6) = {t i] t — tj \< S} oftj such that: 

(a) The circle S{X, b) lies in the resolvent set of Lt for all t € U{tj, 5) and j = 1, 2, k. 



16 



(6) Ift G {U{tj,5)\{tj}), then the operator Lt has only Sj eigenvalues lying in interior of 
S{X,b). These eigenvalues are simple and let us denote they by Aj^i(t), Aj^2{t), ■■■,-^j,sj{'t), 
where j = 1, 2, k. 

Thus the spectrum of Lt fort G U{tj,S), j = 1,2,..., A: separated by S{X,b) into two parts 
in since of [7] ( see ^6.4 of chapter 3 of [7]). Since {Lt : t G U{tj,6)} is a holomorphic 
family of operators in since [7] (see §J of chapter 7 of [7]). the theory of holomorphic family 
of finite dimensional operators can be applied to the part of Lt for t G U(tj, S) corresponding 
to the inside of S{X,b). Therefore ( see %1 of the chapter 2 of [7] ) the eigenvalue Aj^i{t), 
Aj^2{t)----- Aj^Sjit) and corresponding eigenprojections P{Aj^i{t)), P{Aj^2{t)), P{Aj,s-{t)) 
are branches of an analytic function. These eigenprojections is represented by a Laurent 
series in , where v < sj, with finite principal parts. One can easily see that if Xp{t) is a 
simple eigenvalue of Lt then 

Pi^pit))f = (/, X,,t)^p,t, II P(A,(t)) Ih =1 I (69) 

II Xp,t II ap(t) 

and P{Xp{t)) is analytic function in some neighborhood, oft, where ap{t) = (5'p,t, ^'p t)- This 
and Lemma 6 show that for eachp the function ap{t)"^p^t is analytic on D{e)UD{—e) except 
finite points. 

Theorem 4 (a) If f{x) is absolutely continuous, compactly supported function and 
f Gi™(— 00,00) then 

fi^) = ^f][ akmkAx)dt (70) 

and 

1 °° r 

fi^) = ^y2 akmk,t{x)dt, (71) 

where 

/ ak{t)^kAx)dt =\im ak{t)-^k.t{x)dt. (72) 

and the series (70), (71) converge uniformly in any bounded subset o/(— 00, 00). 

(6) Every function f{x) G S, where S is defined in (11), has decompositions (70) and 
(71), where the series converges in the norm of L2^{a,b) for every a, 6 G K. 

Proof. The proof of (70) in case (a) follows from (68), Theorem 3, and Lemma 6. In 

Appendix A by writing the proof of the Theorem 2 of [19] in the vector form we get the 
proof of (70) in the case (&). In Appendix B the formula (71) is obtained from (70) by writing 
the proof of the Theorem 3 of [19] in the vector form ■ 

Definition 1 Let X be a point of the spectrum (j{L) of L and ti,t2, ...jtk be the points of 
[0, 27r) such that X is a eigenvalue of Ltj of multiplicity sj for j = 1,2, k. The point X is 
called a spectral singularity of L if 

sup II P{AjAt)) 11= 00, (73) 

where supremum is taken over all t G (U(tj , S)\{tj}), j = 1,2,..., k; i = 1,2,..., Sj, the set 
U{tj,S) and the eigenvalues Aj^i(t), Aj,2(i), ^j,Sj{t) '^'^^ defined in Remark 1. In other 
words X is called a spectral singularity of L if there exists indices j, i such that the point tj is 
a pole of P{Aj_i(t)). Briefly speaking a point X G o'(_L) is called a spectral singularity of L if 
the projections of Lt corresponding to the simple eigenvalues lying in the small neighborhood 
of X are not uniformly bounded. We denote the set of spectral singularities by S{L). 
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Remark 2 Note that if j = {Ap(t) : t £ (a,/?)} is a curve lying in (t{L) and containing no 
multiple eigenvalues of Lf, where t € [0,27r), then arguing as in papers [18,9] one can prove 
that for the projection P(7) of L corresponding to 7 the following hold 

Ph)f= [ if,Xp,,)%,„dt, ||P(7)lh sup II P(Ap(i)) II, (74) 

that is, the definition 1 is equivalent to the definition of the spectral singularities given in 
[18,9], where the spectral singularities is defined as a points in the neighborhoods of which 
the projections P{j) are not uniformly bounded. The proof of (74) is long technical. In 
order to avoid eclipsing the essence by technical detail and taking into account that in the 
spectral expansion of L the eigenf unctions and eigenprojections of Lt for t £ [0, 27r) are 
used ( see (71)), and using that there are the closed relationship between projections (see 
(74)) of L and Lt fort e [0,27r), in this paper, in the definition of the spectral singularities, 
without loss of naturalness, instead of the boundlessness of projections P{"f) of L we use the 
boundlessness of projections P{Xp(t)), of Lt, that is, we use the definition 1. In any case 
the spectral singularity is a point of a{L) that requires the regularization in order to get the 
spectral expansion. 

Theorem 5 («) All spectral singularity of L are contained in the set of the multiply eigen- 
values of Li fort G [0,27r), that is, S{L) = {Ai,A2,...} C ker R Ci a{L), where S{L) and 
keiR are defined in the Definition 1 and in (61). 

(6) Let A = Ap(to) € a{L)\S{L), where to G (a, 27r — a). If ji, 72, are sequence of 
smooth curves lying in a neighborhood U = {t £ C: \ t — to \< So} of to and approximating 
the interval [to ~ do,to + So] then 

ta-Sa 

lim Jap{t)^p^tix)dt= J ap{t)'^p^t{x)dt, (75) 

7fc to —00 

where U is a neighborhood of to such that if t & U then \p{t) is not a spectral singularity. 

(c) // the operator L has not spectral singularities then we have the following spectral 
expansion in term of the parameter t : 

If f{x) is absolutely continuous, compactly supported function and f G -L2"(— 00, 00) then 
the series in (76) converges uniformly in any bounded subset of (—00,00). If f{x) G S then 
the series converges in the norm of -£'2' (a, h) for every a, 6 G M. 

Proof, (a) If Xp{to) is a simple eigenvalue of Lt^ then due to the Remark 1 ( see (69) 
and the end of Remark 1) the projection P(Ap(i)) and | ap{i) \ continuously depend on t 
in some neighborhood of to. On the other hand ap{to) 7^ 0, since the system of the root 
functions of is complete. Therefore it follows from the Definition 1 that A is not a 
spectral singularities of L. 

(b) It follows from (61) and Theorem 5(a) that there exists a neighborhood U of to such 
that ii t E U then Xp(t) is not spectral spectral singularities of L. If Xp(to) G a'{L)\S{L) 
then by Definition 1 to is not a pole of P{Xp(t)), that is, by Remark 1 the Laurent series in 
ti , where < s, of P{Xp{t)) at to has not principal part. Therefore (69) implies that j^;r(F)] 
and hence j^;^^j^\{ft, J^*;,,* is a bounded continuous functions in some neighborhood of 
to , which implies the proof of {b). 
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(c) It follows from Theorem 5(6) that if the operator L has not spectral singularities then 



/• /'27r 

/ ak{t)^kAx)dt= / ak{t)^kAx)dt, (77) 

J[0,27r)+ Jo 

where the left-hand side is defined by (72). Thus (76) follows from (77), (71) ■ 

Now we change the variables to A by using the characteristic equation A(A, t) = and 
the implicit-function theorem. By (60) A(A,t) and ^^g^'*-* arc polynomials of e** and their 
resultant is entire function. It is clear that this resultant is not zero function. Let &i,62, 
be zeros of the resultant, i.e., are the common zeros of the polynomials A(A, t) and ^^g^'*^ . 
Then limfc^oo bk = oo and the equation A(A, f) = defines a function t{\) such that 



A(A, t(A)) = 0, — = ^^/t=tix) 7^ (78) 



dt__ dA/d\ dA{X ,t) 
d\ ~ ~ dA/dt' dt 

for all A e C\{6i, 62, }. Consider the functions 

FpAx)= E ykix,Xp{t))Ak{t,Xp{t)) = { Yk{x,X)AkitiX),X))^^^^^t) (79) 

fc=l,2...,n fe=l,2...,n 

where Yi{x, A), Y2{x, A), . . . , F„(x, A) are linearly independent solutions of (59), 

A-k = (^fe,i,^fe,2, ■•■,^fc,m), ^fc,i = Aks{t, A) is the cofactor of the entry in mn row and 
(fc — l)m -|- i column of the determinant (60). One can readily see that 

Ak^t, A) = gs{X)e''' + gs-i{X)e'^'-'^' + ... + 5i(A)e^* + <7o(A), (80) 

where go{X), gi{X), are entire functions. By (78) Ak^i{t{X), X) is analytic function in 
C\{6i, 62, }. Since the operator Lt for t 0,tt has a simple eigenvalue there exists a 
nonzero cofactor of the determinant (60). Without loss of generality it can be assumed 
that Ak,i{t{X), X) is nonzero function. Then Ak^i{t{X), X) has a finite number zeros in each 
compact subset of C\{6i, &2, •••,}• Therefore there exists a countable set Ei such that 

{61,62,...,} cBi, ylfe,i(t(A),A) /O, VA^^i. (81) 

Let Ai be the set of all t satisfying A{X,t) = for some X G Ei. Clearly Ai is a count- 
able set. Now using Lemma 6, (79), (81) and taking into account that the functions 
Yi{x, A), Y2{x, A), . . . , Yn{x, A) are linearly independent, we obtain 



= ^PH' II ^P.* 11^ 0' e {D{e) U D{-e))\iA U Ai), (82) 



Fp,t 



where ^p^t{x) is a normalized eigenfunction corresponding to Xp{t). Since the set A\J Ai is 
countable there exist the curves l{si),l{e2), such that 



lim Uss) = [-a, 27r - a], /(ej e (D(e) U D(-e))\(A U Ai), Vs. (83) 

s—^oo 

Now let us do the change of variables in (70). Using (78), (79), (82) we get 

«p(i(A))M/p,t(A)(a:) = ^F(x,A), 

where F(.t, A) = Ej=i 2 n^jix, X)Aj{X), Aj{X) = Aj{t{X),X), ( see (79), (80) for the 
definition oiAj{t,X)), (>(x, A))^=^^= Fp^x), h{X) = (/(•),$(•, A)), $(x, Ap(t)) is eigen- 
function of Lf corresponding to Xp{t) and a(A) = (F(-, A), $(•, A)). Using this notations 
and (78), we obtain 

I ap{t)%4x)dt= J {j2Y,{x,X)A,{X))dX, (84) 
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where Tp{es) = {A — Xp{t) : t £ ^ (£«)}, f = dA/dX, (j) = dA/dt . Note that it follows from 
(78) and (83) that (j){X) ^ for X £ rp(e^). If t G Z(eJ then by the definition of A and by 
(83) Xp(t) is a simple eigenvalue. Hence ap{t) ^ 0, since the root functions of is complete 
in L^(0, 1). Therefore a(A) ^ for A e Tpls^). 

To do the regularization about the spectral singularities Ai, A2, we take into account 
that there are numbers ii and 6 such that for | A — A; | < 5 the equality 

I (A- AO''/KAj^(Aj.ij(A) 

for j = 1, 2, n holds and the neighborhoods Us{^i) = {A :| A — A; |< ^} do not intersect. 
Introduce the mapping B as follows: 

B/(., A) = /(X, A) - £ i?..(A) ^^^^fe^, 

I i/=0 

where B;,>.(A) = ^^^^ for A e ?75,(A0 and Bi^^{X) = for A ^ [/^(AO. We set 

Tfc = {A = Xk{f) : f e [0, 27r)}, = {/ : A; e Tfc n 5(X)}. 
Now using this notations and formulas (71), (72), (84), we get 

/(^) = iE(/ -J^^^(Es(y,(x,A))A,(A))dA+^MfeXa:)), (85) 

where 

Thus Theorem 4 implies the following spectral expansion of L : 

Theorem 6 Every function f{x) € S has decomposiUon (85), where the series converges in 
the norm of L™{a, h) for every a, 6 e M. If f{x) is absolutely continuous, compactly supported 
function and f G L™(— 00,00) then the series in (85) converges uniformly in any bounded 

subset of {^00, 00). 

Remark 3 If n ^ 2fi+l, then by Theorem 2 all large eigenvalue of Lt for t £ Q are simple, 
the set Ar\Q, is finite, the number of spectral singulariries is finite ( if exist), (77) holds for 
fc ^ 1, and, if e is small numher, then and do not contain the point of A. Therefore 
the spectral expansion (85) has a simpler form. Moreover repeating the proof of Corollary 
l{a) of [21], we obtain that every function f{x) satisfying (10) has decomposition (85). 



4 Appendices 

APPENDIX A. THE PROOF OF (70) 

Here we justify the term by term integration of the series in (68). Let i?jv,t the linear 
span of \E'i,t(a;), \t'2,t(a;), ^'jv,t(a;) and /jv,t be the projection of ft{x) onto -ffjv,t- Since 
{'^k,t{x)} and {Xk^t{x)} are biorthogonal system we have 



k=l,2,...,N 



(Al) 
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where (t) = {fN,t,Xk,t)- Using the notations gN,t = ft - fN,t, {t) = {gN,t,^k,t) and 
(Al), we obtain af (t) = ak{t) - h^{t) and 

fe=l,2,...,JV 

This with (66) give 

/(^) = ^( E / {akmk,t{x)dt (A2) 

+ f i9NAx) - E b^imkAx))dt). 

•'^^ k=l,2,..,N 

To obtain (70) we must to prove that the last integral in (A2) tends to zero as ^ oo. For 
this we prove the following 

Lemma 7 On 1^ the functions 

\\9N,t\\, II E bUtmk,t\\ (A3) 

k=l,2.---.N 

tend to zero as N oo uniformly with respect to t. 

Proof. First we prove that || g^^t \\ tends to zero uniformly. Let Pjv.j and Poc.t be 
projections of L2"[0> 1] o^^o H^^t and ifcxi.f respectively, where -ffoo.t = ^^=iHN,t- If follows 
from (67) that ft G -f^oo,*- On the other hand one can readily see that 

HN,t C Hpf+i^t C Hoo.t, Pn.I C Poo,t, PN,t -Poo,*- (A4) 

Therefore PN,tft ft, that is || gN,t \\^ 0. Since || gN^t || is a distance from ft to H^^t, for 
each sequence {t\,t\, ...} C l{e) converging to to we have 

II 9N,t. \\<\\ ft. - E «f (io)*M.(^) ll<ll 9N,to II + 
fe=l,2,...,Ar 

II fts - /to II + II E «r(*o)(*Mo - ^Ma) ll<ll 9NM II 
fe=l,2,...,Ar 

where ^ as s ^ cc by continuity of ft and '^k,t on /(e). Similarly ( interchanging 
to and tg), we get || gN,to W'^W gN.i, \\ where /3s ^ as s ^ oo. Hence || gN.i. \\ is a 
continuos function on the compact /(e). On the other hand the first inclusion of (A4) implies 
that II gN.t ||>|| gN+i;i II • Now it follows from the proved three properties of || gN,t \\ that 
II gN,t II tend to zero as A^ oo uniformly on the compact /(e). 

Now to prove that the second function in (A3) tends to zero uniformly we consider the 
family of operators Tp^t for t € /(e), p = 1, 2, by formula 

rp,t(/)= E (/,^M)*M(a;)- (A5) 

fe=l,2,...,p 

First let us prove that the set 

r(/) = {rp,t(/) : t G /(e),p = 1, 2, } (A6) 
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is a bounded subset of L2^[0, 1]. Since in the Hilbert space every weakly bounded subset is 
a strongly bounded subset, it is enough to show that for each g G L1^[0, 1] there exists a 
constant M such that 

1(5,^) |<M,v^er(/). (A7) 

Decomposing g by the basis {Xk^t '■ k = 1,2,...,}, using definition of ip ( see (A7), (A6), 
(A5)), and then the uniform asymptotic formulas (8), (9) we obtain 

\{9,<P)\< Yl \if'^k,t){g,^k,t)\< Yl K'^'^m)!' 

fc=l,2,...,p fc=l,2,...,p 

+ Y l(5,*M)l'<lkll' + ll5f +C19. 

fe=l,2,...,p 

which implies (A7). Thus r(/) is a bounded set. On the other hand one can readily see 
that Tp t for t G ^e), P = 1,2,..., is a linear continuous operator. Therefore by Banach- 
Steinhaus theorem the family of operators Tp^t is equicontinuous. Now using the equality 



,j,t 

k=1.2 N 



and taking into account that the first function in (A3) tend to zero uniformly, we obtain 
that the second function in (A3) also tends to zero uniformly ■ 
Using Lemma 7 and Schwarz inequality we get 



(5iv,t(x) - Y b^it))'^M)dt \\< 

fc=l,2,...,JV 



"^^ "''C^) k=l,2,...,N 

C, f II (<?iv,f(x) - E ^'f(i))*M(a;)) IIM* HOasiV^cx), 

"^'(^) fe=l,2,...,JV 

where is the length of 1(e), the norm used here is the norm of L'2'{a, b), a and b are the 
real numbers. This with (A2) justify the term by term integration of the series in (68). 
APPENDIX B. THE PROOF OF (71) 

Here wc use the notation introduced in (65) and prove (71). Since for fixed k the fiuiction 
0'k{t)'^k,t{x) is analytic on D{e) except finite number points t'l,t2, ■■■,tp^ ( see the end of 
the Remark 1) we have 

/ ak{t)^k,tdt= / ak{t)'^k,tdt+ V Rest=t.afc(t)*fe,t, (Bl) 

Jl{e) J [0,2^]+ s:t^eD(e) 



Similarly 



/ akit)^k,tdt= / ak{t)^k,tdt+ V Rest^tiak{t)^k,t 



(B2) 



s:tJer>(-£) 



Since l{e) U I (— e) is a closed curve enclosing D{—e) U D{—s), we have 

/ _ ^ afej(i)*/c,f(x)dt = E Rest=tkak{t)'^k,f (B3) 

J l( 



l{e)Ul-{-e) 



s:tJe£)(-£)UD(-£) 
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Now applying (70) to the curves l{s), l{—s), l{e)[Jl (— e), using (Bl), (B2), (B3) and taking 
into account that /(e) U /^(— e) is a closed curve, we obtain 



f(^) = T- Yl (/ ak{t)^kAx)dt+ V Res(=(jafe(i)*fe,t), (B4) 

f{x) = ^ (/ ak{t)^k,Mdt+ V Rest=tjafc(t)*fc,t). (B5) 

2- .i:^,... ^.2.]. ^^^j^ 



/ /*(a;)dt =^ ^ E Rest=tjafe(0*fe,t). (B6) 

Adding (B4) and (B5) and then using (B6) we get the proof of (71). 
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